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Summary 
 
In this paper a method is suggested for optimising reversible scroll compressor/ 
expander design for small scale operation. This was part of a research program to 
develop a Pumped Thermal Energy Storage System for use in the bottom 50 Human 
Development Index countries, the majority of which are in Sub-Saharan Africa. The 
scroll optimisation was based on the modelling of a profile to achieve a required 
compression ratio from first principles. This was followed by a detailed mechanical 
design of the linkage between two compressor/ expander units and a motor/ 
generator. It was concluded that the scroll profiling was successful and could be 
applied for a variety of different scenarios. The mechanical design proposed was 
functional though untested. The work done hear represents the first iteration of what 
should certainly be a multistage process for development of a product such as this. 
Recommended future work includes CFD of the proposed compressor in order that 
further development on this work can be made.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Sam Riddell-Webster 
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Introduction 
 
Currently 1.2 billion people globally live with limited or no electricity. 60% of these 
people live in Sub Saharan Africa, a region with huge potential for solar electrical 
generation. The price of photovoltaic cells is becoming ever more affordable as the 
technology advances but there are currently no sustainable methods of storing this 
power. Lithium ion batterie performance reduces drastically over a five-year period 
and this degradation is increased by high temperature operation.  
 
This series of papers [1–5], present a detailed design plan for optimisation of a 
Pumped Heat Thermal Energy Storage (PTES) system [6], for use in rural African 
villages. In this paper, user research was conducted for the target area to aid in a 
scaling approximation for the product. 
 
A detailed design optimisation was carried out for the use of reversible scroll 
compressor/ expansion units from first principles based on the work of Blunier et al 
[7] and other research on the same topic ,in order to develop a working model that 
could generate scroll profiles suitable for use in the PTES system. This was then 
followed by a detailed mechanical design of the compressor/ expanders and 
mechanical linkage with the rest of the system.  
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Pumped Thermal Energy Storage System Layout 
 
The system design is a small scale Pumped Thermal Energy Storage System(PTES) 
[6]. The basic concept is that the system functions functions as an electricity storage 
system for people in rural environments with no access to grid electricity. Early 
research showed that around 65% [8] of people without electricity live in Sub Saharan 
Africa(SSA) and so this product is primarily targeted at this user demographic [9]. 
 

 
 
 

Figure 1: Product Architecture Diagram 

The general system can be seen in Figure 1. A motor/ generator is connected to a 
solar panel. During daylight hours the motor runs a compressor and an expander 
pumping Argon gas through two tanks. As the Argon it is compressed, it experiences 
a dramatic temperature rise. The heat generated is passed into a solid medium stored 
in the tanks, resulting in a net cooling of the Argon. The gas then passes through an 
expander, generating mechanical work resulting in a cooling of the Argon. As the 
working fluid passes through the cool tank it is heated by the solid medium. The result 
is a temperature increase in one tank and decrease in the other. At night, with no 
power input, the system naturally reverses with the temperature differential running 
the system, outputting mechanical work, which is used to turn the generator. If there 
is no power demand, output can be stopped with a proportional control valve [2]. 
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Sub Assembly Requirements 
 
This paper focuses on the reversible compressor/ expander sub assembly and the 
mechanical linkage between the large compressor, small compressor and motor/ 
generator. The system operates in two states, charging cycle and discharging cycle. 
The two compression expansion units are different sizes. This is critical to ensure that, 
when charging, more thermal energy is produced than mechanical work, and when 
discharging, more mechanical work is generated than thermal energy. For the 
duration of this paper, the large compressor/ expander will be referred to as 
component 1. The small compressor/ expander will be referred to as component 2. 
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Product Scoping 
 
Alternative Uses for Hot and Cold Store  
 
As discussed in a technical feasibility report [10], the thermal energy storage process 
lends itself to providing alternative uses for the hot and cold tanks. A variety of these 
uses were considered but those with most potential were refrigeration and cooking.  
 
User Benefits for Additional Cooking Features 
 
There are two primary areas which first-time electrical users would require the power 
for. Primary research conducted by Adkins et al (2012) [11] discusses these in detail 
and they are:  
 

- Cooking and heating 
- Lighting, Power for mobile phones, television and radio 

 
As outlined by Adkins et al (2012) [11], rural communities without access to electricity 
rely primarily of wood as a fuel source for cooking and kerosene for light. The wood 
is sourced relatively cheaply as most is collected for free. Kerosene is expensive and 
as a result a disproportionate sum of a household’s income is spent on lighting. This 
can be seen in figure 2.   

 
Figure 2: Annual Expenditure on Lighting and Cooking for Rural African Households 

and the Energy requirements for these processes 
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In order to examine the feasibility of PTES, the following assumptions have been 
made: 
 

§ Household average of 6 people [11] 
§ Use of three LED bulbs for 6 hours a day 
§ One hot meal a day, based on energy per capita [12]. 
§ Each member of the household charges a phone for 1 hour  
§ Charge rate of $0.40/kwh SSA average [13]  

 
These figures were determined based on data from the Millennium Village Project 
(MVP), which was based on 10 villages throughout SSA that represented some of the 
poorest people in Africa and is therefore an accurate example of the target market of 
the proposed product. 
 
Based on the financial distribution highlighted above, it was concluded that the PTES 
system scaling should be optimised to provide electricity to homes but not provide a 
source of cooking. The reason for this was twofold. Primarily, users could make a 
significant financial saving by switching to electrical lighting, the same could not be 
said for cooking.  Secondly, by removing the cooking function, the product could be 
scaled up as it would not need to be kept in the home.  
 
Refrigeration  
 
Study by Sanni et al.[14] showed that families also stand to make financial savings 
with access to refrigeration. As shown in Figure 3 
 

 
Figure 3: Savings due to Refrigeration access in Kenya [14] 

When considering user needs in SSA countries it is essential to consider finances as 
this area has the highest percentage in the world of people living below the poverty 
line (41%) [15]. For this reason, it was concluded that the PTES system should 
provide lighting and refrigeration access as they can financially benefit the users.  
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Scaling Approximations 
 
The initial development of the PTES system suggested its use on an industrial scale. 
However, development of this technology for rural an African environment required a 
scaling that fitted the needs of the users, whilst remaining technically feasible.  
 
An essential consideration is accessibility. Research from PWC [16] showed that 
accessing rural communities in SSA can often only be achieved with 4-wheel-drive, 
off road vehicles. As a result, a maximum limit of 2m3 for the full system heating was 
determined. This was based on the bed size of a Toyota Hilux (most common truck 
in Africa [17]) and assuming a 2m tall cylindrical tank. (Appendix I) 
 
Much of the literature on PTES systems suggests the efficiency of the system is 
closely linked to scale of the system [6]. This is logical as the rate of heat loss will be 
determined by the surface area/ volume ratio of the tanks. Given this assumption it 
was important to scale the system up as much as possible. With an upper limitation 
as mentioned above.  However, this scaling is only possible if the user housing 
density is great enough to enable one system to easily provide for multiple 
households, as wiring and electrical pylon must be kept to a minimum. This is an 
important factor as data from Blimpo et al[18] shows that the cost associated with 
electrical pylons is non-trivial with average cost of approximately $250/ pylon, across 
10 African countries.  
 
An average housing density for the target users was calculated. The method involved 
locating the 10 MVP villages on Google maps. Three optimum locations were then 
selected in each village. The number of buildings that could be accessed with 0, 1 
and 2 pylons were determined. This was based on the need for a pylon every 50m. 
From these 30 locations, an average housing density was calculated. (Appendix I)  
 

 
 

Figure 4: Housing Density in rural Africa 

 
Figure 4 shows that the model housing density within a 50m radius is between 5 
and 10 households.  
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Figure 5: Multi-tier frame work for electricity access[19] 

 
Figure 5 shows the internationally accepted framework for electricity access, the 
required power output and daily energy usage to achieve each tier of electricity 
access per household. 
As shown in Figure 2, the average household expenditure on lighting is approximately 
£50. Providing a Tier 3 level service would imply an annual usage of 365kWh, at US 
prices of $0.13/ kWh (US average) this would imply an annual fee of $47.50. Whether 
or not this pricing can be achieved remains to be seen, but it represents a good 
starting estimate.    
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Figure 6: Households accessed at different tiers of electricity access 

 
Early stage calculations of the energy capacity of the containers can be seen in 
Figure 6. This shows that a 2m3 system could provide electricity for 18 houses at Tier 
3. This doesn’t consider power requirements for refrigeration and so the real number 
is likely closer to the 5-10 houses, that could be targeted without need for pylons ( 
Figure 4). Avoiding unnecessary costs and maintaining high efficiency.   
 
Given the considerations discussed, it is reasonable to assume that there is a 
sufficient target market for a 2m3 system and that users will be able to afford the 
service provided as it is cheaper than their current lighting expenditure. 
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Sub-System: Reversible Compressor/ Expander with 
Mechanical Drive System  
 
The critical requirement of the sub-assembly is to convert mechanical work to a 
temperature differential during the charging cycle and to reconvert that temperature 
differential to mechanical work during discharge. During the charge cycle, a motor 
powered by PV cells, turns component 1, while the working fluid is expanded through 
component 2. Work generated from this expansion is used to aid in the powering the 
compressor. When discharging, the fluid flow direction is reversed. Component 1 
becomes the expander and generates output work which is used to power both 
component 2 in compression and the motor/ generator, outputting electricity from the 
system.  
 
Through iterative modelling of the whole system (system integration report, [2])it was 
determined that the optimum compression ratios, Rc for the components 1 and 2 are 
Rc= 8 and Rc= 4 respectively. 
 
Scroll compressor/ expanders were selected as the optimum technology for use in 
the system for a variety of reasons, primarily simple reversibility (SG3 [20]). 
However, the required Cr for component 1 falls outside the optimum range for scroll 
compressor efficiency. As shown in Figure 7, isentropic efficiency peaks around Cr 

= 2.5 and decreases rapidly as the at Cr increases beyond 5.5.  
 
 

 
Figure 7:  Isentropic efficiency of scroll compressors Varying with compression ratio 

[14] 

 
In order to maintain an acceptable roundtrip efficiency, component 1 was designed as a two-
stage system with one compressor Cr = 4 and the other Cr = 2. 
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Product Design Specification 
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Scroll Compressor Geometry  
 

 
Table 1: Nomenclature 

 

 
 

Figure 8: Scroll compression process 

The basic geometry of a scroll compressor is a pair of scrolls at an offset angle of pi. 
One scroll is fixed in place whilst the other oscillates eccentrically which forms multiple 
chambers between the two scrolls. An opening allows for fluid flow into the scrolls 
(Figure 8). As the oscillation continues this opening is sealed fixing fluid mass in the 
chamber. As the contact points between the scrolls moves, the volume of the 
chambers reduce whilst remaining sealed, resulting in fluid compression. The fluid is 
forced to the centre of the scrolls where it exits through a discharge port at a higher 
pressure. In order to achieve expansion, the direction of rotation is reversed achieving 
the opposite effect.  

S!" External Involute 
S!# Internal Involute 
r$ involute basic circle radius 
φ Involute angle 
φ#% Internal Involute Initial angle 
φ"% External Involute Initial angle 
φ#& Internal Involute Starting angle 
φ"& External Involute Starting angle 
r% Orbiting Radius 
r' Interpolating Circle radius 
C' Interpolating Circle 
O' Interpolating Circle Origin 
θ Orbiting Angle 

φ()* End of Involute angle 
A+#& Discharge Area 
A&,' Suction Area 
V+#& Discharge Volume 
V&,' Suction Volume 
h Scroll Height 
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Scroll Profile 
 
The scroll profile is defined by two involutes1 that are developed from a central circle, 
rb. The geometry of the involutes are defined by an orthogonal frame (t,n) as 
outlined by Blunier et al. [21] eq 1-4.  
 

 

 

 

 
 
Sfe and Sfi describe the external and internal involutes of the scroll respectively.  
With the key variables being the initial angles of the internal and external involutes, 
φi0 and φe0 and the base circle, rb (Figure 9). Where t(φ) and n(φ) represent the 
tangential and normal vectors to any point on the involutes. φ is the angle of rotation 
of any specific point on the scroll (Figure 10).  

 
Figure 9: Geometrical Description of the Scroll Involutes [22] 

 
1 Involute: The locus of a point considered as the end of a taut string being 
unwound from a given curve in the plane of that curve. 
 

	 𝑡(𝜑) = (𝐶𝑜𝑠𝜑, 𝑆𝑖𝑛𝜑) (1) 

	 𝑛(𝜑) = (−𝑆𝑖𝑛𝜑, 𝐶𝑜𝑠𝜑) (2) 

	 𝑆-.8𝑟/,𝜑.1 , 𝜑: = 	 𝑟/ · (𝑡(𝜑) − (𝜑 − 𝜑.%) · 𝑛(𝜑)) (3) 

	 𝑆-28𝑟/,𝜑21 , 𝜑: = 	 𝑟/ · (𝑡(𝜑) − (𝜑 − 𝜑2%) · 𝑛(𝜑)) (4) 
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Figure 10: Tangential and Normal vectors to the Involute[23] 

The orbital scroll shares the geometric profile of the fixed scroll but with an offset rotary 
transformation of pi. The base circles of the two scrolls are offset by a distance r0. 
 

 
Most geometric descriptions of scroll compressor units use the centre of the fixed 
scroll. However, the following modelling solution is based on a novel reference frame 
proposed by Wannassi et al. [23] whereby the scroll is modelled about an origin 
equidistant between the base circle of the fixed and orbiting scrolls. This increases 
the simplicity for geometric modelling (Figure 11).  

 
Figure 11: Novel Reference Frame Geometry [23] 

	 𝑟% =	𝑟/	(𝜑.% −	𝜑2% + 	𝜋) (5) 
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Inner Scroll Profile Definition 
 
The definition of the inner tip of the scrolls is an important consideration as it has a 
significant impact on the discharge volume and therefore the overall compression 
ratio of the compressor. Poor tip design can reduce flow rate due to partial blockage 
of the exit port which, in turn can lead to reduced power output when the unit is used 
for expansion. The design methodology used here follows that outlined by Blunier et 
al. [7] for single arc profiles. There are alternatives methods such as that of the perfect 
meshing profile (PMP) [24][25]. PMPs are designs whereby the final internal volume 
is reduced to zero. These have some advantages; however, they do not lend 
themselves to simple revisability as the designs requires valves to prevent blow back 
into the compressor chamber. 

 
 

Figure 12: Single Arc and Perfect Mesh Tip Profiles [26] 

 
Single Arc Tip Profile  
 
The initial angles discussed above are the theoretical starting points of the scrolls. 
However, this design would not allow the orbital scroll to oscillate as required within 
the fixed scroll. Therefore, a real starting point must be found that allows complete 
rotation of the two scrolls without causing interference between scroll tips. The real 
starting points for internal and external Involutes are φis and φes. 
The methodology presented by Blunier et al.[7] suggests connecting the staring 
points of the inner and outer scrolls with a circle, Cc as shown in  
Figure 13. The two key requirements for Cc are that it joins with φis without any 
discontinuity and that is passes through φes.  
Given these two constraints the radius, rc, and origin, Oc can be defined as: 
 

where 

 

	
𝑟3 =	

𝑟/(2	 +	𝜉45 	+ 	𝜉55 − 2	(1	 + 	𝜉4𝜉5) 	 · 𝑐𝑜𝑠𝜉6 − 	2	(𝜉5 −	𝜉4) · 𝑠𝑖𝑛𝜉6	)
2(𝜉5 	− 	𝜉4 · 𝑐𝑜𝑠𝜉6 	− 𝑠𝑖𝑛𝜉6)

 
 

(6) 

	 𝜉4 =	𝜑.7 −	𝜑.% (7) 
	 𝜉5 =	𝜑27 −	𝜑2% (8) 
	 𝜉6 =	𝜑27 −	𝜑.7 (9) 



 18 

 
 
 
 
 

 
 

Figure 13: Description of Single Arc Tip Profile [7] 

 
 
  

	 𝑂3 =	𝑟/ · 𝑡(𝜑27) + 8𝑟3 −	𝑟/(𝜑27 	− 	𝜑2%): · 𝑛(𝜑27) (10) 
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Volume determination 
 
A critical design feature of the scroll unit is that it has the correct compression ratio. 
This is defined by the suction volume and the discharge volume. These areas can be 
seen in Figure 14 with the suction volume equal to the sum of the white and purple 
suction chambers. The discharge volume is equal to the pink area multiplied by the 
height of the scroll.  

 
Figure 14: Suction and Discharge Volumes 

Equation 11 shows the general expression for the area enclosed between two 
involutes, the full derivation of which can be found in Blunier et al. [7]  φ1 and φ2 
represents the two points of contact between the two scrolls. 
 

 
 

	  (11) 
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Assuming that the pressure in the chamber is equal to that outside the chamber whilst 
it is open, the point that defines the total suction volume of the outer chamber is when 
the gap between the scrolls closes, preventing any more fluid flow. The first point of 
contact between scrolls when the outer chamber closes is at φmax, the outermost point 
of the scroll. Experimentation with the model showed that the contact point occurred 
when theta was out of phase with φmax by pi/2. Therefore, it can be concluded that 
the critical suction volume occurs when: 

 
 
where k is the number of rotations so that 0< 𝜃 < 2pi, 𝜃 is the oscillating angle of the 
orbital scroll.  
 

 
 
The volume for the discharge volume is given by  
 

 

 
 
Where Vcl is the clearance volume, i.e. the volume contained in the centre of the scroll 
before contact is lost between the scroll tip and the wall of the opposite scroll. [27] 
𝜃 = 𝜃dis as it’s the point at which discharge starts. 
By using these equations for suction and discharge volumes, a scroll profile with the 
correct compression ratio could be modelled.   
 
 
 
 
 
  

	 𝜃 = 	𝜑89: − 𝑘
𝜋
2  

(12) 

	 𝑉;<3 =
ℎ
2 8𝑓

(𝜑2%, 𝜃 + 4𝜋, 𝜑89: , 𝜃) − 𝑓(𝜑.%, 𝜃 + 3𝜋, 𝜑89: − 𝜋, 𝜃):		

	𝑎𝑡	𝜃 = 	𝜃;<3 	

 
 

(13) 

	 𝑉=27 = ℎ8𝑓(𝜑2%, 𝜑27, 𝜃, 𝜃) − 𝑓(𝜑.%, 𝜑.7, 𝜃 − 𝜋, 𝜃): +	𝑉3> 		𝑎𝑡	𝜃 = 	𝜃?27 (14) 

	 𝑉3> = ℎ𝑟35(𝜋 − 𝑎 · sin N
2𝑟/
𝑟3
O −

2𝑟/
𝑟3
	) 

 
(15) 
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Design Optimisation of Scroll Profile  
 
Input Parameters 
 
In order to define the profile for the scrolls, a MATLAB model was developed. The 
primary challenge when considering how to implement the model was the large 
number of potential variables. The geometry of the scroll can be fully defined by the 
variables rb, φi0, φe0, φis, φes, h and φmax as described above.  
 
As outlined in the system integration report [2], the target volumes for input and 
output of each compressor were outlined based on equal mass flow rate through 
each unit. From this volumetric flow rates were determined.  
 
 

 
Figure 15: Volumetric flow rates through Compressor and Expander [2] 

 
This gives an input into the system of volumetric flow rate and compression ratio. 
From these parameters the discharge volumes could be simply calculated. The 
process used for defining the core parameters from these input volumes can be 
seen in the flow diagram, Figure 16. 
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Figure 16: Software Flow diagram for Scroll Profile Optimisation 

Software Flow Diagram 
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Optimisation Sequence Methodology 
 
Preliminary calculations were carries out to find an approximate value for initial circle 
radius, rb that gave an appropriate discharge area. It was determined that an 
acceptable range for rb, which defines the involutes was 2 mm< rb < 5mm. 
 

1. Initial angles, φi0 and φe0, were both set to minus pi.  
 

2. Involutes for the scroll were generated using these values. 
 

From these two variables, many possible involutes could be generated however the 
vast majority do not comply with the required geometry of the scroll. The two scrolls 
are required to mesh together to within a range 0.02mm [28][29]. In order to properly 
form the compression/ expansion chambers with minimal radial leakage between 
chambers.  

 

 
Figure 17: Scroll Profile Meshing Point 

 
3. Polar coordinates were determined for a single meshing point (were the 

internal involute of one scroll meets the external involute of the other scroll). If 
there was no meshing point initial angle, φe0 would increase by step of 0.1pi 
radians.  

 
4.  If a meshing point within 0.02mm was found, the Gradient was then 

determined at the point for both scrolls. The involutes must have the same 
gradient at the meshing point to ensure they do not cross each other. If 
gradients were within a tolerance of 0.05mm, the initial angles were considered 
acceptable.  
 

5. For acceptable initial angles, a similar process was completed to find starting 
angles that intersected correctly with the tip defining arc made by circle Cc. 
 

Correct intersection occurs when the circle meets the inner involute tangentially and 
also crosses the outer involute line.  

Meshing Point 
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In order to determine the discharge area of the generated scroll profile, the angle, 
θdis, at which the discharge chamber opens to the discharge port had to be 
calculated. This occurs when the tip of the scrolls loose contact with the inner face of 
the other scroll (Figure 18, far right). 
 

 
Figure 18: Scroll movement with variable θ 

Figure 18 shows the progression of the orbital scroll as theta changes 
 

6. To calculate the discharge area, θ was set to an arbitrary value of θ = 0. Once 
again, the same method of determine whether there was intersection between 
involutes was used, though without the stipulation that the gradients be similar, 
but with a limitation of the first pi radians of rotation. This ensured only the tip 
interaction with the other scroll was considered. 

 
7. If there was a meshing point, theta was stored in a binary matrix = 1. If no 

interaction occurred, a value of zero was stored.  
 

8. This was repeated, with small increases in theta until the binary matrix 
experienced a step change. At this value of theta, the tip of the scroll is either 
making or losing contact with the internal involute of the other scroll. Defining 
theta as the point of discharge, θ = θdis. 
 

9. This value of theta was then used to calculate the discharge area, Adis. 

(equation 13) 
 

10. Equation 12 was then used to determine the φmax value where Adis = Adis * Cr 
(required compression ratio) 

 
Though requiring a large amount of computing power, this was deemed the most 
robust approach as there is limited documented research regarding recommended 
starting points for the defining variables. Other sorting methods (such as shooter 
methods) were unable to perform effectively given the number of variables. 
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Optimisation of Scroll Height and Operating Speed 
 
Having defined the geometry of the scroll profile, the height of the scroll had to be 
determined. Two considerations were used to achieve this.  
 

- Recommended practice that the ratio of inner circle to scroll height rb/h fall in 
the range 0.09-0.013. [30] 

- Recommended practice for long lived, oil free scroll compressor to operate in 
a range below 2500 rpm  [31] 

 
These ranges were used to find a scroll height that produced the required volumetric 
flow rate with acceptable operating speed.  
 
 

 
 

Figure 19: Rotational Speed and Scroll Height Optimisation 

 
 
  



 26 

Scroll Volume Validation 
 
The software outlined in Figure 16 and Figure 19 were performed on an iterative basis 
until a full scroll profile was developed that met all the specification requirements.  
 
In order to guarantee the process had worked correctly, a quantitative volume 
validation was performed. This involved exporting the cartesian coordinates stored in 
the MATLAB model, into Fusion 360. This allowed the suction and discharge areas to 
be verified. The input volumetric flow rate was then calculated manually using the 
output height and rotational speed form Figure 19. These results were then compared 
with the maximum volumetric flow rates for component 1 and 2 in both charge and 
discharge cycles (see Figure 15). 

 
 

Figure 20: Manual verification of suction and discharge areas using Fusion360 

 
 

Table 2: Scroll Profile Parameters 
  

r$ 3mm 
φ#% 0.9425 rad 
φ"% 0 rad 
φ#& 4.7224 rad 
φ"& 3.7699 rad 
r% 6.60 mm 
r' 24.63 mm 

φ()* 30.82 rad 
A+#& 1900mm2 

A&,' 7600mm2 

V+#& 190,000mm3 

V&,' 760,000mm3  
h 0.1m 

r$/ℎ 0.03 
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Product Requirement Specification  
 
Having defined the geometry of the scroll profile, a detailed requirement specification 
was developed for the full mechanical system.  
 

 
 

Figure 21: Requirement Specification 
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Initial Concept Design 
 
As previously outlined, component 1 was comprised of two lower compression units 
in order to ensure high operating efficiency. However, this presented new design 
complexity. Possible arrangements were considered in a morphological chart. The 
three primary design operation functions in the sub-assembly were: 
 

- Mechanical arrangement of the two stage scroll compressor 
- Mechanical linkage between components 1, 2 and motor 
- Geared reversibility  

 
Morphological Chart 
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Controlled Convergence  
 
Each of the possible design methods was analysed and then compared using a 
controlled convergence method based on key requirements for each operating 
function. 
 
Two Scroll Arrangement 
 
Reverse axial coupling: This arrangement would consist of two orbiting scrolls 
connected to the same central plate with fixed scrolls connected above and below. 
The advantage of this being that a single mechanical drive system can operate both 
scrolls. However, as the fluid flows into the unit at the side and out of the centre, the 
gas would then need to be directed around the housing of the first scroll to reach the 
second. 
 
Axial Coupling: A direct axial coupling could be used to drive both scrolls. This is 
also simple in terms of mechanical drive. However, the complexity of the scroll profile 
is increased as it need to incorporate a shaft running through the first fixed scroll in 
order to reach the second. 
 
Radial alignment with gear drive: Radial Alignment avoids fluid flow complications 
but the need for mechanical gearing would reduce the efficiency for the driven scroll.  
 
Duel shaft axial alignment: This design allows for simplification of the fluid flow path 
without the increased complexity to the scroll profile of a direct drive shaft through 
the scroll. Mechanical efficiency losses are also avoided as there is no requirement 
for gearing.  
 
 
 Fluid Flow 

Simplicity 
Mechanical  
Losses 

Scroll 
Simplicity 

Mechanical  
Simplicity 

Total 

 
Reverse axial 
coupling  
 

 
Datum 

 
0 

 
Axial Coupling 
 

 
+1 

 
+1 

 
-2 

 
+1 

 
+1 

 
Radial alignment with 
gear drive  
 

 
0 

 
-1 

 
0 

 
-1 

 
-2 

 
Duel shaft axial 
alignment  

 
+1 

 
+1 

 
0 

 
0 

 
+2 
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Mechanical Linkage Efficiency Maintenance 

Requirements 
Scroll 
Simplicity 

Total 

 
Belt drive  
 

 
Datum 

 

 
0 

 
Chain Drive  
 

 
-1 

 
-1 

 
0 

 
-2 

 
Direct gear Drive  
 

 
-1 

 
-1 

 
0 

 
-2 

 
Straight Drive Shaft 
 

 
+1 

 
+1 

 
-2 

 
0 

 
 
Geared Reversibility 
 
The rotational speed ratio between component 1, 2 and the motor/ generator changes 
from the charge cycle to discharge cycle (see requirement spec). Therefore, a gear 
change is required when the system flips from charging to discharging.  
 
Gearbox: The most common solution for changing rotational speed ratios. Offers a 
simple and compact gearing method. Gear changes either require manual 
transmission or integration of an electrical component to achieve automatic 
transmission. It would also need oil, increasing the maintenance requirements. 
 
Sprag Clutch: A component that rotates on the shaft when driven in one direction. 
However, when rotation is reversed, the shaft spins independently of the clutch 
system.  This could be integrated with different sizes of gear/pulley system so that 
reversal of the rotation direction could automatically adjust the gearing of the system.  
 
 Automatic 

Operation 
Oil free 
operation 

Maintenance 
requirements 

Design  
Simplicity 

Total 

 
Gearbox  
 

 
Datum 

 
0 

 
Sprag Clutch 
 

 
+1 

 
+1 

 
0 

 
-1 

 
+1 
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Concept Design: Full mechanical Linkage system - Sprag clutch 
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Design Embodiment  
 
The following section outlines some of the key considerations made during the 
detailed design process, which was carried out with constant consideration of the 
three key principles of design embodiment. 
 
Clarity  
Simplicity  
Safety  
 
The methodology used follows the flow diagram outlined in Figure 22 

 
Figure 22: Design Embodiment process[32] 
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Compressor/ Expander 1 
 
Component 1 used a two-stage compression process. In order to achieve a 
compression ratio of 8, the first stage has Cr = 4 and the second, Cr = 2. The primary 
considerations for this unit were: 
 

- The fixed scrolls oscillate at a radius Rb  
- Both scrolls have the same rotational speed 
- Fluid flows correctly through the first scroll then the second. 
- No fluid can escape the unit 
- Scrolls follow a fixed path 

 

 
Figure 23: Preliminary layout and primary requirements of the two-stage scroll 

compressor 
  
Housing Design 
 
This basic design layout was developed using a linear arrangement with four housing 
bodies. Two housings for the fixed scroll units and a housing cover for each fixed 
scroll. (see eCOOL_SJRW_B1(A-D) & eCOOL_SJRW_B1_EXP). The linear 
arrangement allows for simple assembly of components with eight housing assembly 
rods to establish proper alignment. The simple assembly process will reduce the 
assembly time leading to manufacturing overheads. 
 
 



 34 

Shaft Design 
 
The shaft design consists of a drive shaft and a driven shaft that ensures the scrolls 
follow the correct orbital path. This guarantees contact is maintained between the 
fixed and orbital scrolls at all times, which is critical for proper compression of the 
working fluid. Both shafts are fully constrained by bearings in the outermost housing 
parts (eCOOL_SJRW_014 & eCOOL_SJRW_015). This positioning provides support 
either side of the eccentric section of the shafts. Sealed single row deep groove ball 
bearings were selected as they experience low friction leading to long operational life 
and low maintenance. They can carry high radial loads which will be required both 
due to the eccentricity of the shaft and the load provided by the pulley assembly (see 
eCOOL_SJRW_B3). Internal shaft thicknesses were determined using torque 
calculations (appendix III). The external shaft thickness was defined by the pulley 
selection[33]. The orbital scrolls were located on the shaft using cylindrical roller 
bearings, which also handle radial loads well and have accurate axial alignment. 
Accurate axial alignment is essential as the separation between fixed and orbital 
scrolls directly affects axial leakage between compression chambers.  
 
Counterweights were integrated in between rotating scrolls to counteract the radial 
forces induced by the eccentric shaft which will reduce radial loads experienced by 
all bearings and increase the product life span. The counterweights were located with 
keys/keyways to ISO standards [34]. Orbital scrolls and counterweights were all 
axially located using washers and circlips. This will make assembly simple, reducing 
assembly time. The evenly weighted shaft should also reduce maintenance costs as 
it increases design reliability.  
 
Special design consideration was given to the step from aligned to eccentric shaft 
(see eCOOL_SJRW_20 by datum point C). All points on the step have a diameter less 
than 25mm (the diameter of eccentric shaft) and the separation between the step 
down and the start of the eccentric shaft is well over the 18mm width of the orbital 
scroll roller bearing to ensure it can be properly assembled and located on the 
eccentric shaft without interference.    
  
Thrust Roller Ball Bearings 
 
The accurate location of the orbital scroll is controlled by the thrust roller ball bearings 
located between the orbital scroll and the housing cover (see eCOOL_SJRW_B1 H, 
I). These are axially aligned with the orbital scroll and so will prevent axial movement 
away from the fixed scroll which could lead to fluid escaping the compression 
chambers. These ball bearings are free to rotate, contained by two plates located on 
the orbital scroll and housing cover (see eCOOL_SJRW_B1 A). This allows for 
freedom of radial movement as the orbital scroll oscillates [35].  
     
Fluid Flow 
 
The working fluid inlet port is located on the side of the first compression chamber. 
The working fluid is drawn in and compressed as it moves toward the centre of the 
first scroll pair where it exits into the second scroll housing cover. The working fluid 
is prevented from escaping the first compression chamber by the top of the orbital 
scroll, which forms a rolling seal with the recessed face of the fixed scroll housing 
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cover (see eCOOL_SJRW_B1 J). After exiting the first compression chamber, the 
working fluid flows into the second compression chamber through holes in the orbital 
scroll top (see eCOOL_SJRW_B1 G). As the fluid has already been compressed to a 
Cr = 4 by the first scroll, the second scroll only needs to achieve a compression ratio 
of 2 to achieve the desired total of 8. Rather than use a different scroll profile, the 
same scroll has been used in the second chamber. This will allow the same mould 
pattern to be used to cast both scroll. This will reduce the manufacturing complexity 
and reduce cost.  In order to reduce the compression ratio from 4 to 2 in the second 
compression chamber, 2 mm breather holes will be drilled into the top of the orbital 
scroll. By locating these holes just outside the scroll profile, they allow fluid flow out 
of one of the scroll intakes whilst keeping the other intake path completely sealed. 
This effectively drops the compression ratio of the second scroll from 4 to 2. The 
sealed chamber functions as usual, compressing the fluid to the centre where it exits 
the unit through a second discharge port. Using the same scroll profile also simplifies 
the shaft design as both scrolls oscillate with the same eccentricity.  
 
Dust Cover and Seal 
 
A dust cover and seal were fitted where the drive shaft enters the First scroll housing, 
this is to prevent impurities from entering what is otherwise a closed system. It also 
prevents any fluid leakage form escaping the housing 
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Compressor/ Expander 2 
 
 

 
Figure 24: Preliminary layout and Basic Requirements of the Single-stage scroll 

compressor 

 
The general design of the single stage compressor follows similar principles to that 
of the two-stage compressor. Instead of a dual shaft design, the orbital scroll is driven 
by a single drive shaft with eccentric attachment via a cylindrical roller bearing. The 
same standard components have been used wherever possible, including the main 
deep groove ball bearing, cylindrical roller bearing and shaft circlips. This is to 
simplify the manufacturing and assembly process.  
Both the single-stage and two-stage units are based on an oil free design to reduce 
maintenance requirements. The use of oil-free scroll compressors in well 
documented and is the industry standard for high temperature units such as these 
[36]. (For detailed design see eCOOL_SJRW_B1 & 36). 
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Mechanical Linkage 
 
Sprag Clutches 
 
The fundamental component to the reversable pulley assembly is the sprag clutch, 
as described in the controlled convergence. (see eCOOL_SJRW_B3 B, D) The sprag 
clutch consists of a body that loosely locates on the shaft. Three cylindrical rollers are 
constrained in a notch in the body. If the shaft rotates clockwise, the rollers will catch 
between the notch and the shaft, causing the sprag clutch body to rotate. However, 
when the shaft rotation is reversed, the rollers are free to move and the clutch spins 
freely on the shaft. By integrating these clutches directly onto the pulleys, the 
direction of system rotation defines which set of pulleys is being used to drive the 
system, whilst the other will spin freely transferring no torque.  
 
Belts and pulleys  
 
These were all sourced from the Fenner catalogue using torque calculations to define 
the requirements. Direct drive was used between components. This was required to 
enable the vertical alignment which was required for the most efficient assembly of 
the full system [2]. The linear arrangement with belts all on one side ensure that they 
are easily accessible, as the belts are the first component that will require 
replacement.  
 
Tensioners 
 
Belt tensioners were used for the v-belts between the two compressor/ expander 
units. They were not deemed necessary between the two-stage unit and the motor, 
as the belts are much shorter, and the large belts are likely to need replacing before 
the smaller ones have stretched beyond acceptable limits. Both tensioners are spring 
loaded to remove the requirement for manual adjustment.   
 
Motor Selection  
 
A DC brushless motor/ generator was selected as they have the highest efficiency of 
DC motors [37]. This selection was based on an input power of 4kW as that is the 
peak power demand of the system [2], (see requirements spec). DC brushless 
motors can also be used as efficient electrical generators as they have fixed 
permanent magnets, which also reducing friction and other losses. Using a motor/ 
generator will result in a simpler mechanical system, reduce parts, costs and 
assembly time. Voltage was also considered during this selection as a low voltage 
motor was required in order to operate effectively using 24V solar panels as a power 
source.  
 
Material Selection  
 
All components without critical material properties such as washers were made of 
cheap, low quality steel (EN1A). However, for essential, functioning components such 
as the scroll profiles and shafts, compromises were not made of materials to reduce 
cost. It was considered more important to ensure longevity of design. The proposed 
business plan [9], is to run this business as a service. This results in the company 
assuming responsibility of maintenance costs. Therefore, in the long run, it makes 
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more financial sense to make a long-lasting product than to save costs by sacrificing 
material quality. 
 

Failure Analysis: Trouble Tree 
 
The full sub-system was analysed for potential failures using a trouble tree 

 
 

Figure 25: Failure Trouble Tree 
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Conclusion 
 
This paper discussed the development of a model to optimise scroll profile design 
for the use in a pumped heat thermal energy storage system for use in rural Africa. 
From the model a scroll was successfully developed and used to design a full 
mechanical system comprising two reversible scroll compressor/ expanders and a 
motor generator with automatic gear variation between charge and discharge cycles. 
Though a full design was completed, future research is recommended before 
progressing with the design. Given greater access to resources, the scroll 
compressors could be analysed with CFD that would greater insight into the 
functionality of the system, than that which has been presented here.  
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Appendix II 
 
 
 function [Rb, phi_i0, phi_e0, phi_is, phi_es, phi_max] = 
ScrollProfileGenertor(CompressionR)  
  
% [V_in, V_out] = InputVol(VDot_in, RPM,CompressionR); % Determines the 
input volume into the compressor per rotation 
  
InitalAngles = zeros(4,1); 
z = 1; 
Rb = 3; 
  
        
        [InitalAngles, Rb] = InvoluteFinder(Rb, InitalAngles); % Generates 
all phi_i0, phi_e0 combinations that are in contact 
                 
        [StartingAngles] = StartingPointsFinder(InitalAngles, z); % 
Generates all phi_is and phi_es values that provide proper cut off 
    
        z =z ; 
 end 
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% novel referance frame 
function [InitalAngles, Rb, a] = InvoluteFinder(Rb, InitalAngles) 
  
flag1 = 0; 
phi_i0 = 0;  %Sets inital conditions for first scroll 
phi_e0 = 0; 
theta = pi;   % sets abitary value of theta for the moment 
z = 1; 
zz = 1; 
%%%Loop Size 
  
LoopSize = 720;                % sets up inital arrays to reduce  
xfe = zeros(1,LoopSize);       % operstion time 
yfe = zeros(1,LoopSize); 
xfi = zeros(1,LoopSize); 
yfi = zeros(1,LoopSize); 
Sfe = zeros(2,LoopSize); 
Sfi = zeros(2,LoopSize); 
SfeMag = zeros(1,LoopSize); 
SfiMag = zeros(1,LoopSize); 
SfeGM = zeros(1,LoopSize); 
SfiGM = zeros(1,LoopSize); 
SmeGM = zeros(1,LoopSize); 
SmiGM = zeros(1,LoopSize); 
Gfe = zeros(1,LoopSize); 
Gmi = zeros(1,LoopSize); 
PfeCol = zeros(1,LoopSize); 
PmiCol = zeros(1,LoopSize); 
            c = 1; 
  
  
while phi_i0 <= 2*pi 
     
   while phi_e0 <= 2*pi 
        
       t = Rb*(abs(phi_i0) - abs(phi_e0));      
        if t <= 4 && t >= 2             
                      
         
         
            Degrees = [1:1:720]; 
            phi = (Degrees/360)*2*pi;       % radians 
  
             R0 = abs(Rb*(phi_e0 - phi_i0 + pi)); % Orbital radius of the 
rotating scroll 
%             ang=0:0.01:2*pi;                % Generates and plots orbital 
radius 
%   
%             polarplot(R0,ang); 
  
  
  
            %generates scrolls 
            while c <= LoopSize 
                 
                xfe(1,c) = Rb *cos(phi(1,c)) + Rb*(phi(1,c) - phi_e0)* 
sin(phi(1,c)) + 0.5 * R0 * -sin(theta); % generates external coordinates 
                yfe(1,c) = Rb *sin(phi(1,c)) - Rb*(phi(1,c) - phi_e0)* 
cos(phi(1,c)) + 0.5 * R0 * cos(theta); 
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                xfi(1,c) = Rb *cos(phi(1,c)) + Rb*(phi(1,c) - phi_i0)* 
sin(phi(1,c)) + 0.5 * R0 * -sin(theta); % generates internal coordinates 
                yfi(1,c) = Rb *sin(phi(1,c)) - Rb*(phi(1,c) - phi_i0)* 
cos(phi(1,c)) + 0.5 * R0 * cos(theta); 
  
                Sfe(1,c) = xfe(1,c); % stores in matrix 
                Sfe(2,c) = yfe(1,c); 
  
                Sfi(1,c) = xfi(1,c); % stores in matrix 
                Sfi(2,c) = yfi(1,c); 
  
                SfeMag(1,c) = (Sfe(1,c)^2 + Sfe(2,c)^2)^0.5; % magntiude of 
polar coordinate 
                SfiMag(1,c) = (Sfi(1,c)^2 + Sfi(2,c)^2)^0.5; 
  
                    if     Sfe(2,c) >= 0 && Sfe(1,c) >=0 
  
                        SfeGM(1,c) = atan(Sfe(2,c)/Sfe(1,c)); %Finda gammma 
polar coordinate angle  
                        SfiGM(1,c) = atan(Sfe(2,c)/Sfe(1,c)); 
  
                    elseif Sfe(2,c) >= 0 && Sfe(1,c) <=0  
  
                        SfeGM(1,c) = pi + atan(Sfe(2,c)/Sfe(1,c)); %Finda 
gammma polar coordinate angle  
                        SfiGM(1,c) = pi + atan(Sfe(2,c)/Sfe(1,c)); 
  
                    elseif Sfe(2,c) <= 0 && Sfe(1,c) <=0    
  
                        SfeGM(1,c) = pi + atan(Sfe(2,c)/Sfe(1,c)); %Find 
polar coordinate angle  
                        SfiGM(1,c) = pi + atan(Sfe(2,c)/Sfe(1,c)); 
  
                    elseif Sfe(2,c) <= 0 && Sfe(1,c) >=0    
  
                        SfeGM(1,c) = 2*pi + atan(Sfe(2,c)/Sfe(1,c)); %Find 
polar coordinate angle  
                        SfiGM(1,c) = 2*pi + atan(Sfe(2,c)/Sfe(1,c)); 
  
                    end     
  
                        SmeGM(1,c) = SfeGM(1,c) + pi; % finds angular polar 
coordinate for rotating scrole 
                        SmiGM(1,c) = SfiGM(1,c) + pi; 
  
                        if SmeGM(1,c) >= 2*pi                 % enusres 
rotating scroll remains between zero and 2pi 
                            SmeGM(1,c) =  SmeGM(1,c) - 2*pi; 
                        end     
                        if SmiGM(1,c) >= 2*pi 
                            SmiGM(1,c) =  SmiGM(1,c) - 2*pi; 
                        end     
  
                    c = c+1; 
  
           end 
                        SmeMag = SfeMag; % finds magnitue for rotation 
scrole 
                        SmiMag = SfiMag; 
                        Smi = - Sfi; 
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                        Sme = -Sfe; 
  
  
                    %%Polar coordinates 
  
                    Pfe(1,:) = SfeMag(1,:); 
                    Pfe(2,:) = SfeGM(1,:); 
                    Pfi(1,:) = SfiMag(1,:); 
                    Pfi(2,:) = SfiGM(1,:); 
                    Pme(1,:) = SmeMag(1,:); 
                    Pme(2,:) = SmeGM(1,:); 
                    Pmi(1,:) = SmiMag(1,:); 
                    Pmi(2,:) = SmiGM(1,:); 
  
                    n = 1; 
                    m = 1; 
                    p = 1; 
  
                          
                 while n <= LoopSize 
                    while m <= LoopSize 
  
                         if Pmi(1,n) <= Pfe(1,m) + 0.1 && Pmi(1,n) >= 
Pfe(1,m) - 0.1 && Pmi(2,n) <= Pfe(2,m) + 0.1 && Pmi(2,n) >= Pfe(2,m) - 0.1 
                            PfeCol(1,p) = m + 1; 
                            PmiCol(1,p) = n; 
  
                          %  find gradient of all points on lines   
                            if PmiCol(1,p) >= 2    
                                                                                
                            % prevents error with gradient calculation 
                            Gfe(1,p) = (Sfe(2,PfeCol(1,p)) -
Sfe(2,PfeCol(1,p)-1))/ (Sfe(1,PfeCol(1,p)) -Sfe(1,PfeCol(1,p)-1)); 
  
                            Gmi(1,p) = (Smi(2,PmiCol(1,p)) -
Smi(2,PmiCol(1,p)-1))/(Smi(1,PmiCol(1,p)) -Smi(1,PmiCol(1,p)-1));           
  
                                if Gmi(1,p) <= Gfe(1,p) + 0.01 && Gmi(1,p) 
>= Gfe(1,p) - 0.01 
  
                                    InitalAngles(1,z) = Rb; 
                                    InitalAngles(2,z) = phi_i0; 
                                    InitalAngles(3,z) = phi_e0; 
                                    InitalAngles(4,z) = R0; 
  
                                    z = z + 1; 
                                    flag1 = 1; 
                                    break                                   
                                end      
                            end 
                            p = p + 1 ; 
                          end 
                        m = m + 1; 
                    end 
                          if flag1 == 1 
                          flag1 = 0;  
                          break 
                          end 
                    m = 1; 
                    n = n + 1; 
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                 end       
        end 
     phi_e0 = phi_e0 + 0.1*pi; 
   end     
  
    phi_e0 = 0; 
    phi_i0 = phi_i0 + 0.1*pi; 
    disp(phi_i0) 
end 
  
     
  
  
%   
% polarplot(Pfe(2,60:720),Pfe(1,60:720),'r') 
% hold on 
% polarplot(Pfi(2,60:720),Pfi(1,60:720),'r') 
% polarplot(Pme(2,60:720),Pme(1,60:720),'b') 
% polarplot(Pmi(2,60:720),Pmi(1,60:720),'b') 
% % % % polarplot(ContactPoint(2,:),ContactPoint(1,:),'x') 
% % % % polarplot(IA1(2,:),IA1(1,:)); 
% % % polarplot(IA2(2,:),IA2(1,:)); 
  
end 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 53 

% starting angles 
function [StartingAngles] = StartingPointsFinder(InitalAngles, z) 
  
StartingAngles = zeros(5,1); 
[j,LoopNum] = size(InitalAngles); 
RowNum = LoopNum*720+j;            %  Determines number of possible 
combinations of inital angles 
  
q = 1; 
a = 1; 
while q <= LoopNum 
   
    %Inital angles 
    Rb     = InitalAngles(1,q); 
    phi_i0 = InitalAngles(2,q); 
    phi_e0 = InitalAngles(3,q);    
    R0     = InitalAngles(4,q);    
    phi_is = 0.01;        
    phi_es = 0; 
    InitalAngles(5,q) = phi_is;  
    InitalAngles(6,q) = phi_es;  
    m = 1; 
                      
        while phi_is <= 2* pi 
               while phi_es <= 2* pi 
               
                    % Circle generating parameters 
                     e_1 = phi_es - phi_e0; 
                     e_2 = phi_is - phi_i0; 
                     e_3 = phi_is - phi_es; 
  
                    % radius of circle Cc 
                    Rc = abs((Rb*(2+ e_2^2+ e_1^2- 2*(1+ e_1* 
e_2)*cos(e_3)- 2*(e_2- e_1)*sin(e_3)))/(2*(e_2-e_1*cos(e_3)-sin(e_3)))); 
                    Cc_0x = Rb* cos(phi_is) + (Rc - Rb* (phi_is -phi_i0))* 
-sin(phi_is);  % cartesian origin of Circle Cc 
                    Cc_0y = Rb* sin(phi_is) + (Rc - Rb* (phi_is -phi_i0))* 
cos(phi_is); 
  
                          if     Cc_0y >= 0 &&  Cc_0x >=0 
  
                               Oc_Theta = atan(Cc_0y /Cc_0x); %Finda polar 
coordinate origin point if in first quadrant 
  
                          elseif Cc_0y >= 0 && Cc_0x <=0  
  
                               Oc_Theta = atan(Cc_0y /Cc_0x) + pi; %Finda 
polar coordinate origin point if in second quadrant 
  
                          elseif Cc_0y <= 0 && Cc_0x <=0    
  
                               Oc_Theta = atan(Cc_0y /Cc_0x) + pi; %Finda 
polar coordinate origin point if in third quadrant 
  
                          elseif Cc_0y <= 0 && Cc_0x >=0    
  
                               Oc_Theta = atan(Cc_0y /Cc_0x) + 2*pi; %Finda 
polar coordinate origin point if in forth quadrant  
  
                          end     
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                        Cc(1,1) = Rc;        % stores polar co ordinats of 
Cc circle 
                        Cc(2,1) = Oc_Theta;  %Polar coordiante angle 
                        Cc(3,1) = Cc_0x;     % Cartesian origin coordinates 
                        Cc(4,1) = Cc_0y; 
                         
                         
  
                   ang=0:0.01:2*pi; %Generates and plots Circel Cc radius 
                   Cc_pointX = Cc(1,1)*cos(ang) + Cc(3,1);  %Cartesian 
coordnaites for Cc 
                   Cc_pointY = Cc(1,1)*sin(ang) + Cc(4,1); 
                    
                            g = 1; 
                             
                        while g <= 629 
                                Cc(6,g) = (Cc_pointX(1,g)^2 + 
Cc_pointY(1,g)^2)^0.5; % magntiude of polar coordinate 
  
                            if     Cc_pointY(1,g) >= 0 && Cc_pointX(1,g) 
>=0 
  
                                Cc(5,g) = 
atan(Cc_pointY(1,g)/Cc_pointX(1,g)); %Finda gammma polar coordinate angle  
  
                            elseif Cc_pointY(1,g) >= 0 && Cc_pointX(1,g) 
<=0  
  
                                Cc(5,g) = pi + 
atan(Cc_pointY(1,g)/Cc_pointX(1,g)); %Finda gammma polar coordinate angle  
  
                            elseif Cc_pointY(1,g) <= 0 && Cc_pointX(1,g) 
<=0    
  
                                Cc(5,g) = pi + 
atan(Cc_pointY(1,g)/Cc_pointX(1,g)); %Finda gammma polar coordinate angle  
  
                            elseif Cc_pointY(1,g) <= 0 && Cc_pointX(1,g) 
>=0    
  
                                Cc(5,g) = 2*pi + 
atan(Cc_pointY(1,g)/Cc_pointX(1,g)); %Finda gammma polar coordinate angle  
  
                            end 
                            g = g + 1; 
                        end % Generates polar angle coordinate 
                         
                        % Find points where Cc and involutes intersect 
                        [StartingAngles, z, phi_is, phi_es] = 
StartingAngleIntersectionPoint(Rb, phi_i0, phi_e0, phi_is, phi_es, R0, Cc, 
StartingAngles, z, Cc_pointX, Cc_pointY);                     
                         
%                         [inner volume] =  
                   
                        phi_es = phi_es + 0.1*pi; 
                           
                            a = a + 1; 
               end 
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                    phi_es = 0; 
                    phi_is = phi_is + 0.1*pi; 
%                     disp(phi_is) 
                     
        end            
            q = q +1; 
            disp(q) 
         
end 
  
end     
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